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1. Introduction 

For the definition of Lie superalgebras with Cartan matrix, in particular, of the almost afhne Lie 
superalgebras, see |CCLLj . We recall the definition of Chevalley generators and the defining relations 
expressed in terms of these generators, see |GL2| and a review |BGLL] which also contains the 
modular case. 

Here we list defining relations of almost affine Lie superalgebras with indecomposable Cartan 
matrices classified in |CCLL| . For the Lie superalgebras whose Cartan matrices arc symmetrizable 
and without zeros on the main diagonal, the relations were known; they are described by almost the 
same rules as for Lie algebras and they are only of Serre type if the off-diagonal elements of such 
Cartan matrices arc non-positive. 

Nothing was known about Lie superalgebras of the type we study in this note: almost afhne Lie 
superalgebras with indecomposable Cartan matrices with zeros on the diagonal and without zeros 
but non-symmetrizable. 

Although presentation — description in terms of generators and relations — is one of the ac- 
cepted ways to represent a given algebra, it seems that an explicit form of the presentation is worth 
the trouble to obtain only if this presentation is often in need, or (which is usually the same) is 
sufficiently neat. The Chevalley generators of simple finite dimensional Lie algebras over C satisfy 
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simple and neat relations ( "Serre relations" ) and are often needed for various calculations and theo- 
retical discussions. Relations between their analogs in the super case, although not so neat (certain 
"non-Serre relations" appear), are still tolerable, at least, for most Cartan matrices. One Lie super- 
algebra may have several inequivalent Cartan matrices, and although for some Cartan matrices of a 
given Lie superalgebra the relations between Chevalley generators are rather complicated (non-Serre 
ones), for some other Cartan matrices of the same algebra there are only Serre relations, see |GL2) : 
see [RUj where this fact is used. 

What we usually need to know about defining relations is that there arc finitely many of them; 
hence the fact that some simple loop superalgebras with Cartan matrix are not finitely presentable 
in terms of Chevalley generators was unexpected (although obvious as an afterthought, see |GL2j . 
where this was first published). 

The non-Serre relations — a bit too complicated to be used by humans — were of purely 
theoretic interest until recently Grozman's package SuperLie ( jGrj ) made the task of finding the 
explicit expression of the defining relations for many types of Lie algebras and superalgebras a routine 
exercise for anybody capable to use Mathematica. Unfortunately, such calculations, performed up 
to certain degree in generators, are not conclusive if not supported by cohomological arguments of 
the type elucidated in |Zus| : there might be some relations of higher orders left unobserved. 

There are several reasons for deriving the relations even if they look awful: 

(1) Computers easily swallow, often, what is non-palatable to humans (and the relation we derive 
in this note is precisely the case); 

(2) even a rough description of the relations (the value of the highest degree, etc.) might be sufficient 
for deriving the next result based on this description (e.g., the description of the real forms of 
the Lie algebra g[(A) of "matrices of complex size", see |LSg| based on jGLlj ). 

Incompleteness of relations is irrelevant if it is clear that there are infinitely many relations and 
their exphcit form is not, actually, needed, as in some cases (like ps[(n|n)(^') considered in [GLlj . 



2. Recapitulation 

Let the elements , di, and hi, where i = 1, . . . , n, generate the Lie superalgebra denoted q{A, /), 
where / = (ii, . . . i„) G (Z/2)" is a collection of parities (p(e^) = ij and A ~ (Aij)f^i), see |CCLLj . 

2.1. Serre relations, see [GL2]. Let A be an n x n matrix. We find the defining relations by 
induction on n with the help of the Hochschild-Serre spectral sequence (for its description for Lie 
superalgebras, which has certain subtleties, see |Po| ) . For the basis of induction consider the following 
cases of Dynkin diagrams with one vertex and no edges: 

O or • no relations, i.e., are free Lie superalgebras; 

• ad^±(X±) = 0; (2.1) 

(g) [X±,X±]=0. 

Set degXj^ = for 1 < i < 1 and degX^ = ±1. Let = ©g^ and g = ©g^ be the corresponding 
Z-gradings. Set g± = g^/g|^. From the Hochschild-Serre spectral sequence for the pair gj C g^ we 
get: 

J?2(g±) cF2(g^)©iyi(go^;^?i(g±))©ffo(go^;i^2(g±)). (2.2) 

It is clear that 



i?i(0±)=0f, i?2(g±)-A2(g±)/g±. 



(2.3) 



December 2, 2010 1:20 WSPC/INSTRUCTION FILE superhyprel2 



Almost affine Lie superalgebrns 165 

So, the second summand in (j2.2l) provides us with relations of the form: 

(2.4) 



(ad^i)*^"' (Xj*) = if the n-th simple root is not 
[X„,X„] =0 if the 71-th simple root is (8). 



while the third summand in p.2|) is spanned by the gj-lowest vectors in 

A^(0?)/(0^+fl^A2(0f))- (2.5) 
Let the matrix B ~ (B^j) be given by the formula 





2Afe, 
Akk 


if Akk 


^ and 


2Akn „ 

Akk 


< 1 




if ife = 


i,Akk ~ 


0, Akj ^ 0, 







if ife = 


I, Akk = 


Afe, = 0, 







if jfe = 


0,Akk = 


0, Akj = 0. 



(2.6) 



The following proposition, its proof being straightforward, illustrates the usefulness of our normal- 
ization of Cartan matrices as compared with other options: 

2.1.1. Proposition. The numbers kin o-nd k^i in <\2.4i are expressed in terms of Bkj as follows: 

{ad^±y+^-axf) = fork^j 

(2.7) 

[X^,xf]=0 ifAu^O. 

The relations (??) and p.7p will be called Serre relations of the Lie superalgebra q{A). 

2.2. Non-Serre relations. These are relations that correspond to the third summand in p.2p . 
Let us consider the simplest case: sl{m\n) in the realization with the system of simple roots 

O O — ® — O O (2.8) 

Then H2{q±) from the third summand in (|2.2p is just A^(g±). For simplicity, we confine ourselves 
to the positive roots. Let Xi, . . . , Xm-i and Yi, . . . , Yn-i be the root vectors corresponding to 
even roots separated by the root vector Z corresponding to the root (g). 

If n = 1 or m = 1, then A^(g) is an irreducible gg-module and there are no non-Serre relations. 
li n ^ 1 and m ^ 1, then A^(0) splits into 2 irreducible gg'^iodules. The lowest component of one 
of them corresponds to the relation [Z, Z] = 0, the other one corresponds to the non-Serre-type 
relation 

=0. (2.9) 

If, instead of sl{m\n), we would have considered the Lie algebra sl{m + n), the same argument 
would have led us to the two relations, both of Serre type: 

ad|(X™_i) = 0, ad|(yi) = 0. 



In what follows we give an explicit description of the defining relations between the generators 
of the positive part of the almost affine Lie superalgebras in terms of their Chevalley generators. 
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3. Results (the proof is based on [Zus] and the induction as above) 

For iV5333 (CM2), CM4): Serre relations only): 

CMl) [Xi, Xi] = 0, [X2, X2\ = 0, [X3, CCg] = 0, 

2[[xi, X2], [x2, [xi, 3:3]]] =a[[xi, X2], [x3, [xi, 0:2]]], 
[[xi, X3], [x2, [xi, X3]]] =2a[[a;i, 2:3], [2:3, [xi, 2:2]]], 

[[2:2, 2:3], [[x2, 0:3], [a;2, [xi, 2-3]]]] = (3a + 5)[[x2, X3], [[2:2, 2:3], [2:3, [2:1, X2]]]]. 
CA/3) [2:2, 2:2] 0, [2:1, [2:1, 2:2]] = 0, [xi, [xi, X3]] = 0, [x3, [x2, X3]] = 0, 
[X3, [X3, [xi, X3]]] = 0, 

10[[xi, X3], [[xi, X2], [x2, X3]]] = 20(a + 2) [[x2, [xi, X3]], [x3, [xi,X2]]]- 

(15a + 13) [[x3, [xi, X2]], [x3,[xi, X2]]] - (15a + 8) [[x2, [xi, X3]], [x2, [xi, X3]]]. 

For A^S'334 (CM2), CM4): Serre relations only): 

CMl) [xi, xi] = 0, [x2, X2] = 0, [x3, X3] = 0, 

2[[xi, X2], [x2, [xi, X3]]] =a[[xi, X2], [x3, [xi, X2]]], 

[[xi, X3], [x2, [xi, X3]]] = 2a [[xi, X3], [x3, [xi, X2]]] 
CM3) [X2, X2] = 0, [xi, [xi, X2]] - 0, (3.2) 

[Xl, [Xi, X3]] =0, [X3, [X2, X3]] =0, [X3, [X3, [X3, [xi, X3]]]] =0, 

14[[xi, X3], [[xi, X2], [x2, X3]]] = 42(a + 4) [[x2, [xi, X3]], [X3, [xi,X2]]]- 

2(14a + 11) [[x3, [xi, X2]], [x3,[xi, X2]]] - (28a + 15) [[x2, [xi, X3]],[x2, [xi, X3]]]. 

For ^5*335 (CM2), CM4): Serre relations only): 

CMl) [xi, Xl] = 0, [x2, X2] = 0, [x3, X3] = 0, 

2[[xi, X2], [x2, [xi, X3]]] =a[[xi, X2], [x3, [xi, X2]]] 

[[xi, X3], [X2, [xi, X3]]] =2a[[xi, X3], [X3, [xi, X2]]]. 
CM3) [x2, X2] =0, [xi, [xi, X2]] =0, [xi, [xi, X3]] =0, [x3, [x2, X3]] =0, (3.3) 

[X3, [X3, [X3, [X3, [Xi, X3]]]]] = 

6[[xi, X3], [[xi, X2], [x2, X3]]] = 24(a + 2) [[x2, [xi, X3]], [X3, [xi,X2]]]- 

(15a + 11) [[x3, [xi, X2]], [x3,[xi, X2]]] - (15a + 8) [[x2, [xi, X3]], [x2, [xi, X3]]]. 

For NSise (CM2), CM3),CM4): Serre relations only): 

CMl) [xi, Xl] ^ 0, [x2, X2] = 0, [x3, X3] = 0, 

3[[xi, X2], [[xi, X2], [x2, [xi, X3]]]] =a[[xi, X2], [[xi, X2], [x3, [xi, X2]]]], 
[[xi, X3], [[xi, X3], [x2, [xi, X3]]]] =3a[[xi, X3], [[xi, X3], [x3, [xi, X2]]]], 

[[X2, X3], [X2, [Xi, X3]]] = (2a + 5)[[x2, X3], [X3, [X1,X2]]], 

16[[x2, X3], [[xi,X2], [xi, X3]]] = -(15a + 37) [[x2, [xi, X3]], [x2, [xi,X3]]] + 
(10a + 14) [[x2, [xi, X3]], [x3, [xi,X2]]] - 5(3a + 1) [[x3, [xi, X2]], [X3, [xi, X2]]]. 
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For iV^337 (CM2), CM3),CM4): Serre relations only): 

CMl) [Xi, Xi] = 0, [X2, X2] = 0, [zg, 2:3] = 0, 

3[[a;i, X2], [[xi, X2], [X2, [xi, X3]]]] ^a[[xi, X2], [[xi, X2], [^3, [xi, X2]]]] 

(3.5) 

[[a;i, X'i], [[xi, xz], [x2, [xi, x^]]]] =3a[[.Ti, 2:3], [[xi, xz], [X3, [a;i, X2]]]] 

[[X2, Xz], [[X2, 0:3], [X2, [Xi, X3]]]] = (3a + 8)[[.T2, .T3], [[x2, 2:3], [xz,[xi, X2]]]] 

For the remaining almost affine Lie superalgebras, the defining relations are only Serre ones 
regardless of symmetrizability of their Cartan matrix. 
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